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VY\[f i Tnqg\t i \[fg4\1TnT^`bp3Vn\1fUMµ8Z301Z³\6Tno4v[v#`4Z]tol4p+(1TqU\)a\1f i t i \1fgb\qU\³v#` i^i \1v#V^cd`bp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hi `M`lj+o iYi SMcdpg]`UqU\] h  +cdTo<V^\6vwgpgc¢e3fg\` i qU`pgad`4o4qUcp<Z]`b_cad\Qv#`UqU\`bp&o<w`4T V+ZDobvwcpg\
wcad\D\[pT^f i cpVYwoV)V^wg\¬v[`Mqg\¬obqUwg\ i \6TV^`&VYwg\Dwg`4T V1¡ TT^\1v[f i cVWS:tH`badcdv[SbJ´ w\D_obT^cdv]c¢qU\6o&cdT,VYwoV
VYwg\)v[`Mqg\Qt i `UqUfrv#\ i T \1pqgT VYwg\)v#`UqU\QcV^w:o]t i `M`lcdp:oDT^fgc«Vol_gadS&vwg`4T^\[pa`4bc¢v1VYwoVuVYwg\)v[`Mqg\QcdT
T^\1v[f i \butH`bp i \1v[\[tUVYc`4p¬`l@V^w\v[`Mqg\bÃ4V^wg\v#`UqU\v[`bpT^fgZ]\ i T f_gZ]c«VTjVYwg\t i `M`l@VY`<oQt i `M`l!vwg\6v®b\ i
` i V^w\¬a`4bc¢vlJ´ wMfT1Ãcp VYwg\¬_o4T c¢v h  o i vwgcV^\1v#V^f i \bÃV^wg\¬`4pgadS¤v#`4Z]tr`4pg\[p3VYTQV^wolV)wo¹b\³VY`:_r\
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_r\
4\[pg\ i olV^\6q©_MS¤V^wg\Jv[`UqU\¬t i `UqUfv#\ i g` i \6obvw h cprTWVolpv[\bÃV^wg\t i `M`b` i ZDoVc¢T)v[fT V^`bZ]c[\6q
cV^w¨olUc`4Z]TD.&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dÃ
` i o i c«VYwgZ]\#V^c¢v[T§! ½` i \[`4\ i Ã@V^wg\T `4fgpqUpg\6T^T`l+V^wg\¬4\ i c«Hv[oVYc`4p±v[`bpqgc«VYc`4p
4\[pg\ i olV^` i c¢Tjp`lVt i `b\6q)_fUVVol®b\1p³` i  i obp4VY\1q'Ãbwo¹Mcpgo4Tjv#`4pT^\1e3fg\[prv#\ V^wroV
"WV^wg\ i \+\ i \\ iYi ` i T
cdpV^wolVuv#`UqU\,V^wroVu\1TYv[obtr\6q¬VYwg\,V^w` i `bfg4w¬V^\6TWVYcpD`l!VYwg\QcdpU i o4TWV i frv§V^f i \$#%|'&¶
´` i \[Z]\1qgS©VYwg\1T^\J+\1ob®3p\1TYT \6T[Ã(utgtH\[a)Ó wobT)t i `btH`4T^\1q±V^w\pg`bV^cd`bp¯`b 4*  %'9  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;< 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! " ;<=%&, h  # hji `b i olZ TYo\#VWS³c¢T+qg\#pg\6qJqUc i \1v§VYaS]cdp¬VY\ i Z]T`lolp¬`4tr\ i olV^cd`bpobarT^\[ZDolpUµ
VYcdv1T[Ã3VYwg\,b\ i crv[olV^cd`bpJv[`bpqUcV^cd`bprT+o i \b\1pg\ i oVY\1q] i `bZ VYwg\,t i `4 i olZ T \1ZDolp3V^c¢v[T i oV^w\ i V^wobp¬ i `bZ
T^`bZ]\³t i `b i olZ­ad`b4cdv³olpq:V^wg\¬TYo\[VWS½t i `3`bc¢TQoJt i `M`ljVY\ i Z `lV^wg\]fgprqU\ i aSMcdpga`4bc¢vlÃ'wg\ i \Dm-+
´ wcdT
cdpv i \1o4T \6TV^wg\uv[`bpUrqg\[pv[\cp<V^wg\uv[` iYi \6v§VYpg\1TYT`lHV^wg\4\[pg\ i olV^\1q)b\ i crv[olV^cd`bp³v#`bprqUc«VYc`4pT1´ wg\
qg`pT c¢qU\`b- h GcdTjV^wolVV^w\v#`4pT V i fv§VYc`4p³`b'V^wg\nt i `M`b²Tjc¢TjZDobqU\T cdbpgcrv1olp3V^adS<Z]` i \uv[`bZ]tgad\#
_H\1v1olfT^\t i `M`b²T³o i \&qU`4pg\qgc i \1v#V^adS¯`bpGV^wg\½T^\[ZDolp3V^c¢v[T i oVYwg\ i V^wobp¦VYw i `bfg4wGT^`bZ]\v[fT V^`bZ]c[\6q
ad`b4cdvb
.pg\ i \1o4T `4p¬` i _fgca¢qUcdpg]V^w\) h  o i vwgcV^\6v§V^f i \,qUc i \6v§V^adSJftr`4pJVYwg\Q`btH\ i oVYc`4pola'T^\[ZDolp3V^c¢v[T
c¢T)V^wolV1Ãe3fg`bV^cdpg/(ntgtH\[a8Ã
"^v#`bprTWV i fv#V^cdpg©o¤Z]\1vwobpgcdv1oladaS3µãvwg\1v®ob_ga\¬v[` iYi \6v§VYpg\1TYTt i `M`lu`bo½fgada
4\[pD+`bfga¢q]_H\oqolfgp3V^cdpgQVobT^®@ #´ wgc¢TwobTpg\[4\ i V^wg\1a\6T^T_r\1\[pJo4v[v#`4Z]tgac¢T^wg\1q]_MS]~ucdtg®b` olprq
£ cda¢qUZ]`4T^\ i  4zMÃMl*'wg`Ã3` i o i \6obT^`bpob_ga\uT^fg_T^\#V `l-03o¹oQ_MS3V^\,v#`UqU\bÃMt i `b\ VYwg\,T `4fgpqUpg\6T^T`l!o
1 &<'2&$9- &<;< % !9    v1ola¢v#fgadfTcV^w i \1T^tH\1v§VVY`DV^w\_MS4VY\)v#`UqU\T^\[ZDobp4VYcdv1T[ ´`Dt i `4\,t i `4 i olZDT1Ã
VYwg\[SDt i `4tr`3T \owMSM_ i c¢q¬obtgt i `4obvw]VYwoVuobaad`uT/VY`<fT^\_r`bV^w¬V i frTWVY\1qJobpq¬fp4V i frTWVY\1qJv[`bZ]tH`bpg\1p4VT[
(np¤\[golZ]tgad\³`b+oJV i fT V^\1q±v#`4Z]tr`4pg\[p3VQcdTVYwg\]_MS4VY\Dv#`UqU\]b\ i c\ i V^wroV43,a\1cp olprq¤~nctg®4`xwo¹4\
` i ZDobac¢T \6q¯olpq¦t i `b\1q¯v[` iYi \6v§V)cdp  TYol_H\[adad\5d|1*¶6up3V i fT V^\6q¦v#`4Z]tr`4pg\[p3VYT³o i \¬\[3VY\ i pola T VYoVYcdv
obpoladSUT \ i TV^wolVT^fgb4\1T Vntr`bV^\1p4VYcdoba+²cprqUfv§VYc4\6ucpMo i cdobp3VYT1n´ wg\1T^\cdpM¹o i c¢olp3VTno i \QVYwg\[p i \[t i `4\1q
cdpT^cdqg\  TYol_H\[adad\Qcp` i qU\ i VY`]`b_UVolcdpo<V i olprT Z]cV VYob_gad\Qt i `4 i olZv#\ i VYc«Hv[oVY\b
 pV^wgc¢T+toltH\ i ÃU+\t i \1T^\[p3V o h  cpg i o4TWV i fv#V^f i \n_robT^\1q¬`4p ;<&8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 *¶\ i V^c\1qol_T V i obv#V+cdp3V^\ i t i \#VoVYc`4p¬cdT o)V^\6vwgpgc¢e4f\n` i \[MV i obv§VYcp³o³TWVoVYcdvolpobaSUT^\ i  i `4Z V^wg\
v[`bpT V i fv#V^cdb\ t i `3`bH`b'c«VTT^\[ZDolp3V^c¢vv#` i^i \1v#V^pg\6T^T1Ãt i `UqUfv#cdpgolVjV^wg\T^obZ³\ VYcZ]\nobpDolpobaSUT^\ i olprq³o
t i `M`l/`4_UkW\1v#Vv#\ i VYc«SMcdpg¬cVYTT \1ZDolp3V^c¢v)v[` iYi \6v§V^p\1TYT[7T cdpgJv[\ i V^c\1q:ob_T V i obv§Vcp3V^\ i t i \[VYoVYc`4p½wobT
VYwg\,`badad`cpg<V^w i \1\obqUolp3Volb\6T98
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V^wg\ h  cdpU i obT V i fv§VYf i \,wo4TT \1ZDolp3V^c¢v`bfgpqoV^cd`bprTobTT V i `bpg]obT+VYwg`4T^\,`l: h Ã
ÚÚÖ:;<$=><'?
   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
•
v#`UqU\v#\ i V^crv1oV^\6T)v1olp¨_H\J_gfcaV< i `bZ i \1T^fga«VT)`bufgp3V i fT V^\1q¦TWVoV^c¢v¬obpoladSUT \ i TQcV^w`bfUV³V^wg\
pg\[\6q`l i \[µ8t i `McpV^w\1T^\ i \1T^fgaVYT cdpT^cdqU\o<VYwg\[` i \1Z¥t i `b\ i Ã
•
t i `3`bjv[o iYi S3cdpg]t i `M`l/vwg\1v®4\ i Tuv[obp_H\)_fgcaVcdp:T^fvw:oD o¹SDV^wolVnVYwg\)v#`UqU\<v#`bprT fgZ]\ i v[obp
vwg\1v®¬V^wg\1c i v[` iYi \6v§V^p\1TYT+obfUV^`4ZDoV^c¢v[obaadSDfT^cp]V^wg\<`Ue]VWSMtH\vwg\1v®Mcdpg<Z]\6vwolpgc¢T^Z
´ w\)VYwgc i q¤tr`4cp3V,`btH\[pTfgt¤` i V^w\³tH`4TYT^c_gcdadc«VWS½`bT^ol\[adS:qU`pUµ¶a`3obqUcdpg¬t i `M`l+vwg\1v®4\ i T[Ã@obqgqgcpg
r\#Uc_cadc«VWS¬V^`]V^w\ h  cdpU i obT V i fv§VYf i \b
 p©V^wg\³pg\#MV,T \6v§V^cd`bp©\<bcdb\)obp:`b\ i Mcd\[ `l/VYwg\ h Po i vwgc«VY\1v#V^f i \)_o4T \6q&`bp©v[\ i V^c\1q¤ol_Uµ
T V i obv#Vucp3VY\ i t i \[VYolV^cd`bpRM\1v#V^cd`bp:Dv[`bp3VYobcpTV^wg\³T SMp3VYololprqT^\[ZDobp4VYcdv1Tu`b/o]_MS3V^\<v#`UqU\a¢olpg4fol4\
VYwoV+cada@T \ i 4\ V^`)\[U\[Z]tgadc«SDolprq]\#Utr\ i cdZ]\[p3VVYwg\o i vwc«VY\1v§VYf i \b  pRM\1v#V^cd`bpT<obpq¬z,+\n`bfgV^adcpg\
VYwg\ i obZ³\1` i ®±`lv#\ i V^c\6q¦ol_rTWV i o4v§V<cdp3V^\ i t i \#VoVYc`4p¨cp `Ue¯olpq¦cpT VYobp3V^c¢oV^\6TVYwgc¢T³` i o©pg\1
T VYolV^c¢vnobpoladSUT c¢T/` i cdp3V^\ i olaHolpobaSUT^cdT`bp¬_MS3V^\,v#`UqU\t i `4 i olZDT1!´ wg\\[pq i \1T^fgaVc¢TV^wg\Q`Me]T^c4poµ
VYf i \Q`ljoDTWVoVYcdvQobpoladSUT \ i v#\ i V^c\6qcV^w i \1T^tH\1v§VVY`¬oDT \6v#f i cVWSJtH`badcdv[Sb+RU\1v§VYc`4pDqU\1TYv i cd_r\6Twg`
t i `M`l!v1o iYi SMcdpgQt i `M`l!vwg\6v®b\ i Tjv1olp¬_H\_fgcaV+ i `4Z v[\ i V^c\1qJTWVoV^c¢vnobpoladSUT \6T[£±\u i TWV t i \1T^\[p3Vobp
fpg`btUVYcZ]c¢T \6q:t i `M`lvw\1v®b\ i obpq½VYwg\[p qU\[4\[ad`bt±o¬t i `M`lvwg\6v®b\ i wgc¢vw¤v[\ i V^crv[olV^\6To i \ $+ ! /9
.&.;<  9 /;89   9 9 &:"  &$§:RM\1v#V^cd`bpG{\[MtadobcpT)wg` V^`:4\[pg\ i olV^\D\¬v[c\1p4V³TWV i olV^\[4c\6T,V^wroV)ad\1o4q
VY`J4\ i Sv[`bZ]tobv#Vt i `b i obZ%v[\ i V^crv[olV^\1T1QRM\1v#V^cd`bp5&J\#Utga¢olcdpTnw` V^wg\¬`Uet i `4 i olZ \[MV i obv§VYc`4p
Z]\6vwolpgc¢T^Zc¢TjfT^\1q³VY`QcZ]tgad\[Z]\[p3V+\¬v#cd\[p3Vt i `M`l'vwg\1v®4\ i T/olpqDqg\1TYv i c_H\1Tjobp]\#Utr\ i cdZ]\[p3VYoba\1¹oba«µ
froV^cd`bp½`b
V^wg\cdpU i obT V i fv§VYf i \Qcp½wgc¢vw©oDv[`bada\6v§V^cd`bp½`bjo iYi o¹S3µ¶cp3V^\1pT^c4\oladb` i cV^wZ]Tno i \v#\ i V^c\6q
VY`]bfo i obp4VY\[\V^wolVV^wg\v[`UqU\,cadapg`bV ZDob®b\Qo iYi o¹SDo4v[v#\6T^T^\1TVYwoVno i \,`bfgV `b_H`bfpq'
  Q




´ w\¬t i `3`b vw\1v®b\ i cdTV^wg\v#` i pg\ i T V^`4pg\]`luo h  cdpU i o4TWV i frv§V^f i \4 hji \[Mcd`bfT i obZ³\1` i ®UTwo¹4\
o4qUb`Uv1oV^\6qJT^ZDoladaNÃg+\[adaµ¶T V^fqgc\6q'Ã&\#Ucd_gad\Qt i `M`bvwg\6v®b\ i T('3cdp&to i V^c¢v#fado i V^wg\Qt i `M`lºµãvwg\1v®4\ i `lV^wg\
) ."  ;<*+&  
3& 1  2Nm-/§l´ w\ m &t i `3`brvwg\6v®b\ i cdT
T^ZDolada3cV^w]T^`bfgpqV^wg\1` i \#VYcdv1ola4`bfgpqoV^cd`bprTã}
VYwgc¢Tucdpv i \1o4T \6Tv#`bpgrqU\[prv#\Qcdp½c«VTuv#` i^i \1v#V^pg\6T^T1´ wg\r\#Uc_cadc«VWS`ljm-GZ]\1obpT V^wroVobp3SJto i V^c¢v#fga¢o i
h xcdpT VYobpv#\¬v1olp _r\v[obT Vcdp4VY`&V^wg\¬ i obZ³\1` i ®@ n`\1b\ i Ãcdp V^wcdT<T \[V V^cdpgrÃ_gfca¢qUcdpg:o½t i `M`l
Nolp¯m-·V^\ i Z¬c¢TQoV_H\1T Vpg`bpUµ8V i cd3c¢olauNobTQcdp¯~u\6v#fga¢og¡ T,_obT^c¢v h   i olZ]\1` i ®golpq±T `4Z]\#V^cdZ]\1T
cdpU\6obT^c_gad\b
(+VVYwg\J`bV^wg\ i \[prq `l+V^wg\ h T tH\1v#V i fgZ&Ã!VYwg\ 03o¹¹o&_MS3V^\¬v[`UqU\¬b\ i c\ i fT \6q cp VYwg\ 3)  
Ól* i \1acd\1T`bp¯o½T tro i T \³VWSMtr\olpgpg`bVYolV^cd`bp±V^`:o4T^T^\1TYTVWSMtr\[µ¶TYo\[VWSb´ wcdTQt i `M`lvwg\6v®b\ i wrobTQ_H\[\1p
qg\1T^c4pg\1q)` i VYwg\T tH\1v[c«rv+VobT^®`lH_MS4VY\uv#`UqU\vwg\6v®3cdpgrÃwgcdvw³Z]\1obpTV^wolVjc«Vjc¢T²obT Volprq)fT^\T ZDobaa
v[\ i V^crv[olV^\6T[  po4qgqUcV^cd`bpÃMVYwg\QT tH\1v[cdobac¢T^\1qDpolV^f i \`lT^fvwqU\1qUc¢v[olV^\6q¬t i `M`lvwg\6v®b\ i TZ]\1olprTVYwoV
VYwg\[So i \`bºV^\1p\6obT^c\ i V^`¬qU\6T cdbp&olpqv#`4pT^\1e3fg\[p3VYaS¬t i `4\v[` iYi \6v§V1
 p©V^wg\)`bada`cdpgÃH+\)t i `btH`4T^\)olp©\#MV^\1pT cd_gad\ h P i obZ³\1` i ®JV^wolVobaad`uTVY`qU`pgad`4o4q %
/;t i `M`lºµãvwg\6v®b\ i TTYo\[adSb  VT,o i vwgc«VY\1v#V^f i \)c¢TT^fgZ]ZDo i cdT^\1q:cp c4f i \|l´ wg\]o i vwgcV^\1v#V^f i \)cdpUµ
qgfv#\6T)oVW+`lµãTWVY\[t t i `lV^`Uv[`baj_H\#VW+\[\1p¤VYwg\Jt i `UqUfv[\ i obpq¤V^wg\v#`4pT fZ³\ i   p V^w\D i TWV<T V^\1tÃV^wg\
t i `UqUfv[\ i e3fg\ i cd\1T+VYwg\<v[`bpT^fgZ]\ i VY`¬®Mpg`Pwg\#VYwg\ i c«Vn`prT V^wg\ i \1a\1¹obp3Vut i `M`bºµ¶vwg\6v®b\ i   /pg`bV1Ã
VYwg\)t i `UqUfv[\ i T \1pqgTnV^wg\]vwg\1v®4\ i VY`b4\#V^w\ i cV^w¤c«VTT^`bfpqUpg\6T^Tnt i `M`bW´ wgc¢TT^`bfpqUpg\6T^Tt i `3`b/cdT
VYwg\[p¦b\ i c\1q±_MS±o:b\[p\ i olajtgf i tH`4T^\¬t i `M`lºµãvwg\1v®4\ i _MS©VYwg\v[`bpT^fgZ]\ i wg`Ã
cV^wg\¬4\ i c«Hv[oVYc`4p
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cdbf i \]| 8 h  o i vwgc«VY\1v#V^f i \
ÚÚÖ:;<$=><'?
   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
T^fv1v#\[\6qgT1Ã'cpT VYobaa¢TV^wg\]pg`xv[\ i V^c\1q±vwg\6v®b\ i   p©VYwgc¢T,+o¹SV^w\]o i vwc«VY\1v§VYf i \<v#`4Z)_gcdpg\6TnVYwg\DobqMµ
obp4Vol4\1T `l
_H`lV^w½o³V i fT VW+` i V^wMSJv#` i \,t i `M`l/vwg\1v®4\ i olprq r\#Uc_a\'% /;ut i `3`b
vw\1v®b\ i T1 .pv#\
VYwg\t i `M`b!vwg\1v®4\ i wrobT+_r\1\[pcpT VYobaad\1qÃ4VYwg\,v#`bprT fgZ]\ i c¢T i \6obqUS³V^`³qU`pgad`4o4q]V^wg\t i `b i obZ `bV^wg\
t i `UqUfv[\ i 4(nT,cVQcdT,v#frTWVY`bZDo i SbÃHV^w\³t i `UqUfv[\ i T \1pqgTVYwg\<t i `4 i olZ­tobv®obb\1q:c«VYw±ov#\ i VYc«rv1oVY\
VY`)_H\vw\1v®b\6q]_MS<VYwg\t i \1Mc`4fT adS]qU`pgad`4obqg\1q]t i `M`lvwg\1v®4\ i ´`)_H`M`lVTWV i obt]V^wg\cpg i o4TWV i fv#V^f i \bÃ
VYwg\v[`bpT^fgZ]\ i `bpgadS]wobTjV^`cdpT VYolada@oQb\1pg\ i olagtf i tH`4T^\ut i `M`lvwg\6v®b\ i 'b`4f i  i olZ]\1` i ®<cdT_obT^\1q]`4p





´ w\t i `UqUfv[\ i olpq³v#`4pT^fgZ]\ i wo¹b\V^`,ol i \1\`bp³o` i Z]oba4Z]\6olpgcdpg`lVYwg\TWVoVY\[Z]\[p3V"($(Gt i `b i olZ
h T^olV^c¢TW\6To:T^\1v[f i cVWS©t i `4tr\ i VWS R h (:´ wcdT)cdT<qU`bpg\J_3S¤t i `3c¢qUcdpg:o¤`Ue±T tH\1v[c«rv1oVYc`4p±`bV^wg\
T^\[ZDobp4VYcdv1T²wg\ i \bÃoT ZDobaaµ¶T V^\1t`btH\ i oVYc`4pola3T \1ZDolp3V^c¢v[T'`bgV^wg\+t i `b i obZÃ¹olprqQt i `3c¢qU\+onT^\[ZDolp3V^c¢v[T
cdp3V^\ i t i \#VoVYc`4p:`ljVYwg\]T \6v#f i c«VWS½t i `4tr\ i VWS4£±\ i \6TWV i c¢v§V,`bf i oV^V^\1p4VYc`4p:VY`TYo\[VWS½t i `4tr\ i VYc\6TuVYwoV
















o]T \1Z]obp3V^c¢vnV i obpT^c«VYc`4p i \[a¢oVYc`4pcdpqU\[M\6q_3SJt i `4 i olZDT
→p⊆ State × State
Ã
•
V^wg\]T^\[ZDolp3V^c¢vQcdp3V^\ i t i \#VoV^cd`bp½`bjT \6v#f i c«VWStH`badcdv[c\6T 8o¬t i \6qUcdv1oVY\`bp©T VYolV^\6T
Safep ⊆ State
Ã
to i olZ]\[V^\ i c¢T \6q¬_MS¬t i `b i obZ
(TfT frola8Ãl\+pg`bV^\
→∗p
VYwg\ i \ \#Ucdb\jV i obpT^c«VYc4\+v[a`3T f i \`bVYwg\V i obpT^c«VYc`4p i \[a¢oV^cd`bp<`lgVYwg\ t i `b i olZ
p




ÃTWVo i V^cdpg³ i `4Z olp\[ad\[Z]\1p4Vu`b
S0
)¼'*,+,-  -²Á.+0/2143
JpK = { s ∈ State | ∃s0 ∈ S0, s0 →
∗
P s }
)¼'*,+,-  -²Á.+0/215/    ." 
  <T^ol\  2*+ +!9,-&<';/79+)& <9 9 &$2 &444&
JpK ⊆ Safep
W|6
6cdb\1p¤ot i `4 i olZ
p
ÃHV^w\]v[`UqU\<t i `UqUfv[\ i wobTnV^w\[p¤V^`Jt i `Mc¢qU\<oZDobvwgcdpg\#µãvwg\6v®b\1q&t i `M`lj`b
 |6# n`\1b\ i Ã+`Ue t i `M`l²TDo i \b`M`Uq¨\#gobZ³ta\`lZ]o4vwgcdpg\#µãvwg\1v®4\1q¯t i `M`lWÃ_gfUVJv[`bpT V i fv§VYcp
t i `M`l²T ! 69:&8;89   &9+ ]fT^cpgVYwg\J`Me:t i `M`b+obTYT^cdT VYobp4VQe3fgc¢v®3adS:_H\1v[`bZ]\1T,fgpg\1obT^cd_ga\³` i a`xad\[4\[a
a¢olpbfobb\1T1  prTWVY\1obqÃU\,t i `btH`4T^\uVY`³frT \,ol_T V i obv#V+cdp3V^\ i t i \#VoVYc`4p¬V^`DobfUV^`4Z]olV^\V^wg\Qv[`bpT V i fv§VYc`4p
`bHt i `4 i olZxv#\ i VYc«Hv[oVY\1T1  p]VYwgc¢TjT \[V VYcpgrÃ4t i `4 i olZDT
o i \ obfUV^`4ZDoV^c¢v[obaadS)obpgpg`lVoVY\1q³c«VYwDt i `b i olZ
t i `4tr\ i VYc\6T<²\[ad\[Z]\[p3VYT`bol_T V i obv#V,qg`bZDolcdpT V^`4b\[V^wg\ i cV^w±olp i \6v#`bprTWV i fv#V^cd`bp©T V i oVY\[4Sb hji `3`b
vw\1v®McpQpg`·olZ]`bfp4VT/VY`)\#U\6v#fUVYcpgV^wg\ i \6v#`bprTWV i fv#V^cd`bp¬T V i oVY\[bS4Ãb4\ i c«SMcdpgQV^wroVcVad\1o4qgT/VY`<obp
ob_T V i obv§V cdp3o i c¢olp3V V^wolVcZ]tgadc\6T V^w\T \6v#f i c«VWSJtr`4ac¢v#S4
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´ w\v#\ i V^c\6qvw\1v®b\ i TZ)frTWVucdZ]tga\1Z]\[p3VuV^w\T cdbpolV^f i \,\#Ut i \1TYT \6qJ_MSDVYwg\³`UeDZ]`UqUfgad\
	
cdp c4f i \©U ´ wg\½fgprv§V^cd`bp	 Vol®b\6T]VW+`¨o i bfgZ]\[p3VT98©o¨t i `4 i olZ¯olprq o¯v[olprqUcdqoV^\
v[\ i V^crv[olV^\Db\1pg\ i oVY\1q&_MSobp:fgp3V i fT V^\6q½\#MV^\ i prola!t i `4\ i   V^wg\	]fpv§VYc`4p i \#V^f i pT
MÃ/V^w\&v[`bZ]tobpgc`4p¨VYwg\[` i \1Z	 ±\1pT f i \6T)VYwoV³V^w\t i `4 i olZ cdT]TYo\4ÃobT]qU\[pg\1qGcdp
! \#rpgc«VYc`4p&g U
´ wMfT1ÃMVWSMtr\,vwg\6v®3cdpg)V^wg\,t i `btH`4T^\1q¬vw\1v®b\ i _MS]VYwg\Qv#`UqU\,v#`bprT fgZ]\ i t i `b\6TjVYwoV









K ⊆ H :$3$7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cdbf i \ 8  p3V^\ i ²o4v#\` i v[\ i V^c\1qt i `M`lvw\1v®b\ i T
v[\ i V^c\1qT VYoVYcdvQobpoladSUT \6T[
O PRQ 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´ w\ h xo i vwgcV^\1v#V^f i \)cdp/cdbf i \|<c¢Tt i `4 i olZ]Z]cp¬adobpgbfrolb\)cpqg\[tH\[pqU\1p3V,_fUV,V^`Z]ob®b\<V^wg\
t i \6T \1p4VoVYc`4p½Z³` i \³v#`4pv i \#VY\)+\)cdaa
fT^\³oJto i V^c¢v#fado i a¢olpg4fol4\QV^`cadadfTWV i olV^\<V^wg\³t i cprv#cdtga\6Tn`b
`4f i oltt i `3obvw .f i \#golZ]tgad\Qt i `b i obZ³Z]cdpg³adobpgbfobb\,c¢Tuolp&cdZ³tH\ i oVYc4\, i obbZ]\[p3Vu`b03o¹o<_MS3V^\
v[`UqU\ V^wolV`btH\ i oVY\1T
`4p]o,Mc i VYfolaUZDo4vwgcp\c«VYw¬olp]`btH\ i olpq]T VYo4v®HÃ4oQT \[Vj`l@a`Uv[obago i cdob_gad\1T/olprq³o
w\1olt]`b'o i^i o¹SUT[ ( t i `b i olZcdTjoQT^\1e3fg\1pv#\n`lHV i ctgad\1T
(p1, instr , p2)
Z]\6olpgcdpg,V^wroVv[`bp3V i `baUto4T^T^\1T







´ wg\DcdpT V i fv§VYc`4p¯T \[V)v#`bp3VolcdpT,`btH\ i oVY` i Tn` i T VYobv®©Z]obpgcdtgfga¢oV^cd`bprT[Ãcp3V^\1b\ i o i c«VYwgZ]\#V^c¢vDolprq
` i/i \6obqUcdpgrÃbTWVY` i cp,obpq³cprv i \[Z]\[p3V^cdpgQad`Uv[olaUo i c¢ol_gad\1T1RUtr\6v#crvcdpTWV i frv§V^cd`bprT
` i o i^i o¹SQZDolpgcdtgfUµ
a¢oVYc`4pT
tH\ i Z³cVjVY`v i \1oVY\bÃ4`b_UVolcdp)VYwg\nT^c 1\`lWÃbcdpqU\[]obpq³fgt@qgoVY\uo iYi o¹SUT1!´ wg\ `G`l'v#`4p4V i `4agv[obp
_H\]Z]`Mqgc«\6q:fgprv#`bprqUc«VYc`4poladadS¨cV^w 6`lVY`3olpq¤v#`bprqUc«VYc`4poladadS½c«VYw©VYwg\³²olZ]cadS½`lcpT V i fv#V^cd`bpT
 Xc¢v#Z]t;<  %<wgc¢vw³v[`bZ]to i \V^wg\ VY`bt]\[ad\[Z]\[p3VT
`lHV^wg\ i fgpUµ8V^cdZ]\uTWVobv®olprq<_ i obpvw<o4v[v#` i qgcpgV^`
VYwg\,`bfUVv#`4Z³\4:cdpobaadSbÃMVYwg\ i \o i \cdpTWV i frv§V^cd`bprT+` i cptgfUV VYcp]obpq i \[V^f i pgcdpg<obafg\6T[/´ wg\QT^SMp4Vo
c¢TT^fgZ]Z]o i c¢T^\1qcpV^w\,`bada`cdpg<VYol_a\ 8
ÚÚÖ:;<$=><'?
&   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
 "
 8 8   /;3! 9 )/;1
∗
! 9  8 8  ~u`4t  tfT w  h `4t ! ft
  pg\[  o4qgq  T f_  Z<fgaV
 (uad`4o4q  (nT V^` i \#  ad`4o4q   T V^` i \#  cpv#  
 ~u\1+o i^i o¹S ( iYi o¹SMad\[pgbV^w  olad`4obq  obT V^` i \
 6`lVY` /;
  Xcdv[Z]t;< %/;
cond ∈ {eq, ne, lt, le, gt, ge}  cptgfUV ãi \#VYf i p s \[V^f i p
£±\¬wo¹4\³ad\#ºV`4fUVVYwg\Dcp3VY\ i µ8t i `Uv#\6qUf i ola/olpq±`4_UkW\1v#V µ¶` i c\1p4VY\1q¤ado¹S4\ i T`l+V^wg\Da¢olpg4fol4\b¬´ wg\
t i \6T \1p4V+ i olbZ]\1p4V c¢TT f ¬v[c\1p4VYaSJb\[p\ i olaH` i oV VYwg\QT^obZ³\VYcZ]\,cadadfTWV i olV^cdpg³V^wg\,pg`4\[aV^cd\1T+`l`bf i
obtgt i `4o4vw¬olpqtr\ i ` i Z\[Utr\ i cdZ]\[p3VYT+`bpv#`UqU\,`b_gVYolcdpg\6qD i `bZ¥v#`4Z]tgca¢oVYc`4pJ`b
03o¹¹o<T `4f i v#\v[`UqU\b
(np \#MV^\1pT cd`bp©V^`&VYwg\]`b_UkW\6v§V µ¶` i cd\[p3V^\6q:a¢o¹Sb\ i +`bfga¢q¤_r\DqU`4pg\DZ)fvw±cdp©VYwg\¬T^obZ]\³ o¹S:obTQo i^i o¹SUT
o i \)V i \1olV^\1q©wg\ i \b4(v#\ i VYc«r\1q©T VYolV^c¢v<obpoladSUT c¢Tn` i `b_UkW\6v§V^µ8` i cd\[p3V^\6q¯,03o¹o+o i qn_MS4VY\³v[`UqU\< obT
qg\1TYv i c_H\1qcp  *¶
´ wg\D_MS3V^\Dv[`Mqg\³a¢olpbfobb\³cdT,4c4\[p olp±`btH\ i oV^cd`bprola/T \1ZDolp3V^c¢v[TV^wroV`btH\ i oVY\1TcV^w t i `b i olZ
T VYolV^\6TQ`l V^w\¬` i Z
< pp, h, s, l >
wg\ i \
pp
cdT<o½t i `b i obZ tr`4cp3VVY`:_H\J\#U\6v#fUVY\1q pg\[3V6Ã
h
cdT<o
w\1olt±` i T V^` i cdpg½olada`Uv[olV^\6q±o i^i o¹SUT[Ã
s
c¢Tolp¯`4tr\ i obpq TWVobv®@Ãobpq
l
c¢T)olp \1p3Mc i `4pgZ]\[p3V`lad`Uv[ola
o i c¢ol_gad\1T1 (np©o iYi o¹SDcdTnZ³`UqU\1aad\1q&_MSoDtolc i v[`bpT^cdT V^cdpgD`bVYwg\)T^c 1\`l
VYwg\)o iYi o¹S¬olpq½o³fgprv§V^cd`bp
VYwoV` i o]bcdb\1pcdpqU\[ i \#VYf i pT+V^wg\)¹obaf\TWVY` i \1qoVuVYwoVucdpqU\[@ (xT^tr\6v#c¢ola\ i^i ` i T VYoVY\
	 iYi ` i cdT
frT \6q¬VY`DZ³`UqU\1a'\#U\1v[fUV^cd`bp&\ i^i ` i Twcdvwwg\ i \o i c¢T \ i `4Z¥cdpqU\#UcdpgDolp½o iYi o¹S³`4fUVYT^c¢qU\,c«VT_r`4fgpqgT1
Val = num n | ref ref n ∈ Z, ref ∈ Location
Stack = Val∗
LocVar = Var → Val
Array = (length : Z) × ([0, length−1] → Val)
Heap = Location → Array⊥
State = (Ctrl × Heap × Stack × LocVar)
+ Error
´ wg\½`4tr\ i olV^cd`bpobauT \1ZDolp3V^c¢v[T]c¢T¬qU\[pg\1qªMc¢o¯o©V i obpT^c«VYc`4p i \[a¢oVYc`4p
→
_r\[VW\1\[p TWVoVY\1T]cdp¸o
T VYobpqgo i qJ²obT^wgcd`bp&olpqcdaap`lVu_H\Q\#Utga¢olcdpg\1qcp½qU\[VYobca8 (P\[ i fgad\1T `lV^w\qU\#pc«VYc`4p`b
→
o i \
T^wg`p_r\1a`Qj´ wg\1S¬cdaadfT V i oV^\QqUc@\ i \[p3VuobT^tr\6v§VYT `bVYwg\Q_MS3V^\Qv#`UqU\,a¢olpg4fol4\'Mcp&to i VYcdv[fga¢o i wg`
o i^i o¹S]_r`4fgpq&vwg\6v®MT o i \,tH\ i ` i Z³\6qJw\[p½obv1v#\1TYT^cpg]olp&o iYi o¹Sb
ÏÙÚÏ+*
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instrAtP(p1, Ipush n, p2)
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, If
X
icmplt p, p2) n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p, h, s, l>
instrAtP(p1, If
X
icmplt p, p2) ¬ n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p2, h, s, l>
instrAtP(p1, Iload x, p2) l(x) = num n
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P <p2, h, (num a[i]) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a ¬ 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P Error
´ wcdTqU\[V^\ i Z]cdpg\1T VYwg\T^\[ZDolp3V^c¢v[T
JP K
`l








 +\1v1olfT^\©t i `lµ
 i obZ%T^\[ZDolp3VYcdv1Tuo i \Qcp©b\[p\ i olafgprv#`bZ]tgfgVYol_a\4ÃHv[`bZ]tgfUVoV^cd`bprTuo i \qU`bp\cp¤olp:ol_rTWV i o4v§Vu+` i adq'Ã
` i 4\#V^V^cdpg:t i `btH\ i V^cd\1T)V^wolV³o i \pg`lV³pg\[\6qU\1q ` i VYwg\b\ i crv[olV^cd`bp u\[prv#\obp¦ol_rTWV i o4v§V<qU`4ZDolcdp
(
State],v],t],u],⊥State]





  p½V^wg\]v#`4pv i \#VY\+` i adq'ÃHt i `btH\ i VWSt i \6v#c¢T cd`bp½c¢TnZ]`UqU\1aad\1q½cV^w
o]tro i V^c¢ola'` i qU\ i
v
²cp½`4f i v#`4p3V^\#MV6ÃgV^w\)T f_T \[Vuto i V^c¢ola!` i qU\ i §m!`b4cdv1ola'acdpg®UTu_H\#VW+\[\1p½v#`bprv i \#V^\








c¢To;<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++\1v[obfT^\+\Q`bpaSD`Uv[fTu`4pT^`bfgprqUpg\1TYT`bVYwg\)ol_rTWV i o4v§Vcp3VY\ i t i \[V^\ i T1ÃMV^wg\
v[ado4T^T^c¢v,pg`lVYc`4p`b6,olad`bc¢Tuv#`4pgpg\1v#V^cd`bp  &*c¢Tup`lVuZDolpqoV^` i Swg\ i \b  pT V^\6obq&+\ i \6e4fc i \
γ
V^`J_r\)o
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´ w\]`Ue½T cdbproV^f i \_H\[ad`xT^wg`uT<²to i V`bYuV^wg\]T cdbproV^f i \)` i adolV V^c¢v#\]T V i fv§VYf i \6T[)(qU\#pc«VYc`4p
`b+opg\[ol_T V i obv#V,qg`bZDolcdp©Z<fTWVQt i `Mcdqg\<`4tr\ i olV^cd`bpT=UÃ # UÃ 6 M obpq 5AMÃVY`bb\[V^wg\ i cV^w
 = ,V^wolV V^wg\6T \,`btH\ i oVYc`4pT T^olV^c¢TWS¬V^wg\,t i `btH\ i V^cd\1T 
 7%MÃ
* 5@Ã	 6 M %3
  ++ @  M #&89 ;# ( pMfgZ)_H\ i `ba¢oV^V^c¢v#\D`btH\ i oVYc`4pT\#Uc¢TWV,` i qg\1T^c4pgcppg\1ob_T V i obv§VQqU`4Z]obcprT[ (nT,tro i V,`b
`4f i v[\ i V^c\1q©TWVoV^c¢v)obpoladSUT c¢Tt i `lkW\6v§V6Ãr+\)wo¹4\)qU\1b\[ad`btH\1q½oJb\1pg\ i cdvadolV V^c¢v#\<acd_ i o i SbÃHv#`bp3Volcdpgcp
_robT^\)a¢oV VYcdv[\1T]ºrpgc«VY\³T^\#VT[Ã'cdp3V^\ i ola¢T1Ã1[¤obpq©qg`bZDolcdp©v#`4pT V i fv§VY` i T)²T^fgZ&Ã't i `UqUfv§V6Ã@fgpv#V^cd`bpr
VYwoV/tH\ i Z]c«Vo,v#`4Z]tr`3T cV^cd`bpobaUqU\1T^c4p)`bHpg\1Gob_TWV i o4v§V/qU`bZDobcpT
_MSv[`bZ)_cpgcdpgV^w\1T^\+_robT^cdv+_gad`Uv®MT
ÓU|$8  ½`3TWV `lV^w\t i `M`l²T`4aad` T VYolprqgo i qJa¢oV^V^c¢v#\V^w\[` i Sb:n`\1b\ i Ã3\,cdaa'4c4\\[UobZ]tga\6T+`lo
ad\1TYTT VYolprqgo i qJob_TWV i o4v§V %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´`¦qU\1Z]`bpT V i oVY\:`bf iJh   i obZ]\[+` i ®HÃ +\©qU\1b\[ad`bt·obp cp3VY\ i ¹obaobpoladSUT c¢T]` i V^wg\¤_MS4VY\©v#`UqU\
t i \6T \1p4VY\1q©cp¨RM\6v§V^cd`bp gD´ wg\DT V i \[pgbV^w±`lV^wg\¬obpoladSUT c¢TcdTQv[`bZ]to i ol_a\<V^`½olp±\#Uc¢TWVYcpcdp3V^\ i ola
ÏÙÚÏ+*
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obpoladSUT \6Tu` i wgcdbwUµ¶a\1b\1a
T V i fv#V^f i \1q©adobpgbfobb\6T ×{'¶ n`\1b\ i Ã@VY``4_UVYobcp©V^wg\¬TYolZ]\³t i \1v#c¢T^c`4p¤oV
VYwg\_3S3VY\v#`UqU\ad\[b\1aNÃ3cV+wo4TjVY`<_H\\[pgwobpv#\6qDcV^w&olpJob_TWV i o4v§Vqg`bZDolcdpJ`b:< 69:';49  ;2& $ &$><   §
£±\u i T V+qU\6T^v i cd_H\V^wgc¢Tpg`b\1a®McprqD`l!ob_TWV i o4v§VqU`4ZDolcdp 'gRM\1v#V^cd`bpzg|u\[UtgadobcprTjcdpJqU\#VolcdadTwg`¸V^wcdT
qg`bZDolcdpc¢T fT^\1qV^`]t i \1v[cdT^\[adS¬Z]`UqU\[aV^wg\Q\ H\6v§VYT `b
v[`bpqgc«VYc`4pola¢T[
 p3V^\ i oba
obpoladSUT c¢TfT^\1TV^wg\DT^\#V
Intvl
`lcdp3V^\ i ola¢T`b\ i
Z = Z ∪ {−∞,∞}
VY`½oltgt i `¹UcZDolV^\
pMfgZ]\ i c¢vQe3folp3V^cV^cd\1T1  p½`4f i v[o4T \4Ãgcdp4VY\[4\ i T ¹obaf\1Tuobpq½o iYi o¹S¬T^c[\1Tno i \,ob_T V i obv§VY\1q_MSJcdp3V^\ i ola¢T[
´ w\,ob_T V i obv§VuqU`4ZDolcdpT+` i VYwg\olpobaSUT^cdT o i \,qU\#rpg\1qcdpcdbf i \Qg
Intvl =
{
[a, b] | a ∈ Z, b ∈ Z, a ≤ b
}






Exp[Val]] = const n | var x | absval v] | neg e




LocVar] = Var → Val]




cdbf i \Q 8ª´ wg\ol_rTWV i o4v§VqU`bZDolcdpT+` i cp3V^\ i obaolpobaSUT^cdT





\[Ut i \6T^T^cd`bpT`4\ i V^wg\<_obT^\<ob_TWV i o4v§Vqg`bZDolcdp
Val]
`bol_T V i obv#Vnoladfg\1T1 (np©\[UobZ]tga\<`lT^fvw©obp
ob_T V i obv§V+\[ad\[Z]\[p3V cdT
binop + (var j) (const 42))
wgc¢vwJ\[obafolV^\6TjVY`)VYwg\cdp3V^\ i ola@`4_UVYobcpg\6qD_MS




 s \1t i \1T^\[p3V^cdpgJob_TWV i o4v§Vnobafg\6Tu_MS½T frvw©T SMp3VYo4v§VYcdvQ\[Ut i \6T^T^cd`bpTwrobTnoT cdbpc«rv1olp3VncdZ]tobv#V`bp
VYwg\nt i \6v#c¢T cd`bp]`l@VYwg\obpoladSUT c¢Tu²obpq]wg\1pv#\`bp]V^w\nv#\ i VYc«rv1oVY\1T/VYwoV v[obp³_H\n4\[pg\ i olV^\6q
_H\1v[obfT^\uc«V
obaad`uTnV^`t i \6T \ i 4\cdpU` i ZDoV^cd`bp¤`b_UVolcdpg\1q½V^w i `bfg4w:VYwg\<\1oladfoVYc`4p©`l+v#`bprqUc«VYc`4pola
\[Mt i \6T^T^c`4pT1
(+V³T `4f i v[\Da\1b\1aNÃ
o&V^\6TWV³T fvw¨o4T $cdT<o:v#`4p3V i olcdp4V`4\ i VYwg\¬tH`4TYT cd_gad\¬oladfg\1TQ`b26Jobpq 
VYwoV+v[olpD_H\nt i `4tol3oV^\6q)cdp3V^`QVYwg\u_ i olprvwg\1T/`bov#`4pqUcV^cd`bpobarT VYoVY\[Z]\[p3V6
n`\1b\ i ÃbolV_MS4VY\nv#`UqU\
ad\[4\[a8Ã_H\#` i \)T^fvw:ov#`bprqUc«VYc`4pola8ÃgVYwg\)\1oladfoVYc`4p&T VYo4v®`4pgadSv[`bp3VYobcpTnoD_r`M`4a\6olpu´ wg\<\#Utgadcdv[c«V
v[`bpT V i olcdp3V_H\#VW+\[\[po i cdob_ga\6T 6obpqc¢T+a`3TWV _H\1v[obfT^\uV^w\[c i obafg\6Twro¹b\uVY`<_H\tgfT^wg\1qJ`bp3V^`<V^wg\
T VYo4v®½_r\[` i \)VYwg\[S¤v[olp±_H\]v[`bZ]to i \6q'%T cdpg½T SMp3VYo4v§VYcdv<\#Ut i \1TYT cd`bprTuVY`&ob_T V i obv§V,TWVobv®:v[`bp3V^\1p4V
\1pol_a\6T+V^wg\obpoladSUT c¢TV^` i \6v#`4pTWV i frv§V V^wgc¢TcdpU` i ZDoVYc`4p




c¢T,VYwg\D` i qU\ i `bVYwg\DfgpqU\ i adSMcpa¢oV^V^c¢v#\D\[3VY\[pqg\1q¤V^`&\#Mµ
t i \6T^T^c`4pTj_MS¬T V^cdtgfga¢oVYcpg<V^wroV+VW`³\#Ut i \1TYT cd`bprTo i \ncdp¬VYwg\,` i qU\ ii \1adolV^cd`bp¬c!VYwg\[SDwro¹b\uVYwg\QT^obZ]\
VY\ i ZT V i fv§VYf i \ olprq)c@ob_T V i obv§V
oladfg\1T/olVjon4c4\[p³tgado4v#\+cp³VYwg\+V^\ i Zo i \ i \1adolV^\6q'
 :` i \t i \1v[cdT^\[adSbÃ
ÚÚÖ:;<$=><'?
|¹   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
VYwg\Q` i qU\ i
vExp
`l/T SMp3VYo4v§VYcdv\#Ut i \1TYT^c`4pT+cdT cdpqUfv#V^cdb\1aSqU\#p\1q_MSDV^wg\,`4aad`cdpg i fgad\1T8
n = m
(const n) vExp (const m)
x = y










(neg e1) vExp (neg e2)
op1 = op2 e1 vExp e2 e3 vExp e4
(binop op1 e1 e3) vExp (binop op2 e2 e4)





tcpg&VYwg\[Z VY`:T \[VYT`b+obafg\6Tcdp V^wg\v#`bprv i \#V^\DqU`4ZDolcdp
Val
  V)c¢TqU\[pg\1q¨cp±V^\ i ZDT)`l V^wg\¬V^wg\
v[`bpv i \[V^c1olV^cd`bpfgpv#V^cd`bp
γVal
` i VYwg\_o4T \)¹obaf\)qU`bZDobcp7f i V^wg\ i Z]` i \bÃHT cdpv[\QV^wg\<\#Ut i \1TYT cd`bprT
ZDo¹SDv#`4p3VYolcdpJt i `4 i olZ¹o i c¢ol_a\6T[Ã4V^wg\Qv[`bpv i \[V^c1oVYc`4pDfgpv#V^cd`bpcdT+to i obZ]\#V^\ i c¢T^\1q]_MS¬olp\[pMMc i `bpgµ
Z]\1p4V
l ∈ LocVar
ZDobtgtgcdpg]a`Uv[oba'o i cdob_ga\6T+V^`Dv#`4pv i \#VY\,¹obaf\1T1
γl : Exp[V al]] → ℘ (Val) with l ∈ LocVar
γlExp (const m) = { (num m) }







γlExp (neg e) =
{
(num (−n)) | (num n) ∈ γlExp(e)
}
γlExp (+ e1 e2) =
{





(num n1) ∈ γ
l
Exp(e1)





c4f i \, 8¸`bprv i \#V^c1olV^cd`bpJfgpv§VYc`4p&` i
Exp[V al]]
cdbf i \]zt i `Mcdqg\1Tolp©\[golZ]tgad\<`bV^w\³t i \6v#c¢T cd`bp©T^``b_UVolcdpg\1q'³´ wg\³bf i \³v#`bp3VolcdpT,o 03o¹o
v[`UqU\<T^pgcdtgtr\[Volpq½cVYT,v[`bZ]tgcda\6q:b\ i T^cd`bp½cdp©_MS3V^\]v#`UqU\bÃ'obpgpg`lVoVY\1q:cV^w±olp:cdp3V^\ i ola/v[\ i V^crv[olV^\b
+\[` i \\[M\6v#fUVYcp]V^wg\QcdpT V i fv§VYc`4p
 8 6,7-464 5-+0%'  
VYwg\QTWVobv®¬v[`bp3VYobcpTVYwg\ol_T V i obv#V\1a\1Z³\1p3VYT







	 VYwg\obpoladSUT c¢Tv1olpJqg\1qUfv[\nVYwoV oV+V^wg\`badad`cpg)cpT V i fv#V^cd`bpÃ
 DcdT pg\6v#\6T^TYo i cadSD_gcdb4\ i V^wrolp` i \1e3foba@V^`
 ¼MÁ  ¼  1 3  2&<;> 7$9 .;891%
3 ! 
D
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9 /;89 .&
D
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RM`bf i v[\\[UobZ]tga\
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cdbf i \z 8 (npoladSUT c¢T \#gobZ³ta\
ÚÚÖ:;<$=><'?
|1   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
 	 ´ wg\ v#`bprTWV i fv#V^cdb\t i `M`b²T`brT VYolprqgo i qa¢oV^V^c¢v#\ TWV i fv#V^f i \1T ²t i `UqUfrv§V1Ãlfgpv§VYc`4p³T^to4v#\bÃ
adcºV^cdpg3!o i \jbcdb\1pQcpÓl*8
´ wg\ob_T V i obv§V!qg`bZDolcdp`lT^SMp3VYobv#V^c¢v/\#Ut i \1TYT^c`4pT'c¢T!oua¢oV^V^c¢v#\`b_UVolcdpg\1q,_MS
\[MV^\[prqUcp)VYwg\kW`4cpolpqJZ]\[\#V `btH\ i oVYc`4pTwg`bZ]`bZ]` i tgwcdv1oladaS³`b\ i V^\ i ZDT1/´ wg\ZDo4vwgcp\#µãvwg\1v®4\1q
t i `M`lcdTo¹obca¢ol_gad\`bpUµ¶acdpg\d| *
´ wg\³ZDolcdp i \1T^fgaVadcpg®McdpgV^wg\]ol_T V i obv#VT VYoVY\)VY`¬VYwg\<`4tr\ i olV^cd`bpobaT^\[ZDobp4VYcdv1TnT VYolV^\1TVYwoVV^wg\
v[`bpv i \[V^c1olV^cd`bp¯fgprv§V^cd`bpG` i ob_TWV i o4v§VDTWVoVY\1T³cdT]o±Z]\[\[V µ¶Z³` i twgcdT^Z `ladolV V^c¢v#\6T[ª´ wgc¢T i \6T fgaV]cdT
p\[\1qg\1q` i V^wg\³v#` iYi \1v§VYpg\1TYT t i `M`l
`l
V^wg\<ol_T V i obv#Vucp3V^\ i t i \[VYoVYc`4p½qU\#p\1q&cdp&V^wg\)`bada`cdpg¬T^\1v§µ
VYc`4pjm\[V
Mem = Stack× Heap × LocVar
Mem] = Stack] × LocVar]
obpq¦T^fgtgtH`4T^\J4c4\[p¦v[`bpv i \[V^c1olV^cd`bp¯fgprv§V^cd`bprT)` i ob_T V i obv§V³oladfg\1T³olpq¦\[pMMc i `bpZ³\1p3VYT<`lnad`Uv[ola
o i c¢ol_gad\1T1Ã
γVal ∈ V al
] → ℘(Val),
γLocVar ∈ LocVar
] → ℘(Heap × LocVar)
)¼'*,+,-  -²Á.+  15/  +&3;< ;4.&49 
=9   >  ;49   
γMem ∈ Mem
] → ℘(Mem)
  %& &<% 78
γMem(e1 :: · · · :: en, l
]) =
{







Exp(e1), . . . , vn ∈ γ
l
Exp(en)
(h, l) ∈ γLocVar(l
])
}
¼  ¨  1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 "
´ w\±ob_TWV i o4v§V&qU`bZDolcdpTqU\#rpg\1q cp V^wg\±t i \[Mcd`bfTT \6v§VYc`4p·` i Z V^wg\ _o4T c¢T`bp wcdvw \±pg`
v[`bpT V i fv#V<v#` i^i \1v#V^pg\6T^TQt i `M`l²T)`lut i `M`lºµãvwg\1v®4\ i T[&´ wg\6T \t i `M`bvw\1v®b\ i Tcada_H\qg\[b\1a`4tr\6q¯cdp
ov#`4pT V i fv§VYc4\<ZDolppg\ i fT^cpJVYwg\Dol_T V i obv#Vcdp4VY\ i t i \#VYolV^cd`bp¤Z³\[V^wg`UqU`4a`4bS4)´ wg\]\[pq i \6T fa«VQc¢To
t i `M`l a¢olZ<_Hqgo3V^\ i Z¥VYwoVnv1olp_r\T^\[p3VuobTo]v[\ i V^crv[olV^\,c«VYw½o]t i `4tr`3T \6q¬t i `M`l
vwg\1v®4\ i 
´ wg\JV^wg\1` i S¤`bnol_T V i obv#Vcp3VY\ i t i \[VYolV^cd`bp  &+\[UtgadobcprTwg`¥o:v[` iYi \6v§V)obtgt i `¹McdZDoVYc`4p±`bV^wg\
T^\[ZDobp4VYcdv1T
JpK
`b+ot i `b i olZ
p
v[obp©_H\Dv#`bZ]tgfgV^\1q¤fT^cp&obp¤ob_TWV i o4v§Vfgpv#V^cd`bp
F ] ∈ State] →
State]
j´ w\[` i \[ZzUd| i \1v1oladadT+VYwg\v#a¢obTYT c¢vv#` iYi \1v§VYpg\1TYT v i c«VY\ i c`4p¬` i
F ]

 ¼MÁ  ¼  1 3  &4   ." 

p
  % >  ;89   
F ] ∈ State] → State]
 
F ]
89    &$
∀s] ∈ State], S0 ⊆ γ(F
](s]))
Nb
∀s] ∈ State], ∀s1, s2 ∈ State,
s1 →p s2 ∧ s1 ∈ γ(s
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∀s] ∈ State], F ](s]) v] s] ⇒ JpK v γ(s])
n\[pv[\obaa tH`4T V µ8gUtr`4cp3VYT<`l
F ]
o i \v[` iYi \6v§V<obtgt i `¹UcZDoVYc`4pT`b
JpK
¦´ wcdT³c¢T<obp¦\1TYT^\[p3V^c¢ola
t i `4tr\ i VWS]` ih  8MV^`¬vwg\6v®]V^wolVnolp&ol_T V i obv#V+\1a\1Z]\[p3V
s]






 pV^w\`4aad`cdpgÃM+\,T^tH\1v#c¢oladc¢T \V^wcdT+VYwg\[` i SDVY`]adobpgbfobb\6Twg\ i \VYwg\QT \1Z]obp3V^c¢v[TqU`4Z]obcpcdTo
T^\#V`b i \1o4vwol_gad\,TWVoV^\6T[ÃUZDo4qU\,`l
tolc i T v[`bp3V i `ba'tH`bcdp3VobpqZ]\[Z]` i S 8
State = Ctrl × Mem.
(np¦ol_rTWV i o4v§V)cdp3V^\ i t i \#VY\ i v[`bZ]tgfUVY\1T)Z³\1Z]` i S¤cdpM¹o i c¢olp3VT)oV<\1obvw¨v[`bp3V i `batr`4cp3V³`lno½t i `b i obZ&
(np ol_T V i obv#VDqg`bZDolcdp
Mem]
cV^w o adolV VYcdv[\:TWV i fv#V^f i \½c¢T¬qU\#rpg\1q¸olprq¦VYwg\:Z]\[Z]` i S¨t i `4tr\ i VWS
i \[t i \6T \1p4VY\1q©_3S¤olp¤ob_T V i obv§VQZ]\[Z]` i S
m]
c¢T,bcdb\1p¤_MS:o&v#`4pv i \#VYc 6oVYc`4p:fgpv#V^cd`bp
γ : Mem] →
℘(Mem)
 g` i o¦t i `4 i olZ c«VYw
n
v[`bp3V i `batr`4cp3VT¬VYwg\ i \1T^fgaV`bV^wg\ olproladSMT^c¢T¬c¢Tobp pUµ8V^fgta\



























o i \,v#` i^i \1v#V obtgt i `¹UcZDoVYc`4pT+`l
JpK

(b\ i SJolV V i obv#V^cdb\,\6oV^f i \Q`bVYwg\ h  obtgt i `4o4vwc¢TVYwoVuVYwg\t i `UqUfv[\ i c¢Tu4c4\[pV^wg\)wo i qU\ i
VobT^®)`b'T^\1o i vwcpg` i oQt i `M`l@wgcad\VYwg\nv#`4pT^fgZ]\ i c¢Tjad\#ºVcV^w]VYwg\T^cdZ³ta\ i VYo4T ®<`lvwg\1v®Mcdpg,V^wcdT
t i `M`lW~u`4pg\#VYwg\[ad\1TYT[Ã¹VYwg\ T fv1v#\6T^T`l h  qU\[tH\[prqgT`bp)w`¯\1obT^S,c«V
c¢T!VY`obfUV^`4ZDoV^\V^wg\ 4\[pg\ i olV^cd`bp
`bt i `M`b²T[  p¯b\1pg\ i ola8ÃVYwgcdT<t i `Uv#\1TYT,c¢Tb\ i S±qUc Dv[fgaV1:´ wg\Jv[`bpT V i olcdp3VYT,cdZ]tr`3T \6q _3S T VYolprqgo i q
h   i olZ]\[+` i ®UTZ]ob®b\+V^w\uT cV^folV^cd`bp³\[4\[p³` i T^\b  pqU\[\6q'Ãb_H\1v1olfT^\ h  i \6e3fgc i \ o,t i `M`bV^\ i Z&Ã
VYwgc¢TQado i 4\[adS&` i _gc¢qgT,V^w\¬qUc i \1v#V i \1fT^\³`b+` rµ8V^w\#µãT wg\1a« t i `b\ i T³` i qU\1v[cdT^cd`bp±t i `Uv[\1qUf i \1Twgc¢vw
SMcd\[a¢qJo<Sb\6T pg`<obpT +\ i  (To i \1T^fgaV1ÃUo h ¸T^\1v#f i cVWSDtr`4ac¢v#SD`bºV^\1p i \1e3fgc i \6T\1c«VYwg\ i V^`³wobpqgv i oºV
o]T^tr\6v#c¢oladcdT^\1qt i `b\ i ` i V^`]toVvw½o<4\[pg\ i oba@t i `4\ i V^`D4\[pg\ i olV^\,o³v[`bpMb\1pgcd\[p3Vt i `M`b!V^\ i Z&
 p`bf i v#`bp3VY\#MV1Ã4V^wg\ i \\#Uc¢TWVTo)b\[p\ i cdv` rµ8V^w\#µãT wg\1a«t i `4\ i VYwoV+gVYT`bf i qU\1ZDolpqgT8
ol_T V i obv#V
cdp3V^\ i t i \#VoVYc`4p¦v#`4Z³\6T]olad`bpg±o:b\1pg\ i c¢vJcdZ]tga\1Z]\[p3VYolV^cd`bp¨VY\1vwgpcde3fg\ prolZ]\[adS ;/ 9  ; $+ ! /9
!9 &89   r(PT^`bfgpq¬tr`3TWV^µNgUtH`bcdp3V
(m]1, . . . , m
]
n)
cdTc«VY\ i oVYc4\[adS³v[`bZ]tgfUVY\1q¬_MSDT^fv[v[\1TYT cdb\nobtgt i `¹Mµ
cdZDoVYc`4pT³fgp3V^cda+cVD\[4\[p3V^fobaadS b\ i c\1T³olada+V^wg\½v[`bpT V i olcdp3VYT3)cdZ³tH`4T^\1qG_MS V^wg\&olproladSMT^c¢T[¨´ wg\
®Mpg`ad\1qgb\Q`lT^fvw©oJtr`3TWV^µNMtH`bcdp3Vnc¢Tov i fv#c¢olaTWVY\[t½VY`+o i qV^w\<4\[pg\ i olV^cd`bp&`lv[\ i V^crv[olV^\1Tu` i
`4f i % +=;uvwg\6v®b\ i T1
  " 
%& 
 !  " %,
  F   
	  
 $ %  %& 	%  &  
.f i _MS3V^\Qv[`Mqg\cdp3V^\ i olaobpoladSUT c¢T+cdTqg\#pg\6qJ_MSJo]T^\#V`l
b\1pg\ i oVYc`4p i fga\6T+V^wolV ` i \1o4vwJcdpT V i fv§µ
VYc`4p½b\1pg\ i oVY\o¬v#`4pTWV i obcp3V`bp&VYwg\<T^\#V`ljol_T V i obv#VnTWVoVY\1Tu_H\#VW+\[\1p&V^wg\<T `4f i v[\olpq½qg\1T V^cdpoVYc`4p
`b V^wg\¬cdpT V i fv§VYc`4p&´ wg\1T^\¬v#`4pTWV i obcp3VT,VYob®b\Dcdp4VY`:obv1v#`bfp4VQVYwg\Job_TWV i o4v§V)qU`4ZDolcdpTQ`luT^SMp4Vobv#V^c¢v
ÚÚÖ:;<$=><'?
|    <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
\[Ut i \6T^T^cd`bpTqU\1TYv i cd_r\6q©cdp RU\1v§VYc`4p¤r UDRU`bZ]\]`lVYwg\1T^\Dv#`4pTWV i obcp3VTo i \³t i \1T^\[p3V^\6q:cdp6cdbf i \ g
` i \[UobZ]tga\4ÃUtgfT^wgcdpg³V^wg\v[`bpT VYobp4V
n
`bpV^wg\T VYo4v®Db\1pg\ i oVY\1TV^wg\v[`bpT V i olcdp3V
m]p2 w
(




RUcZ]cdado i adSbÃV^wg\:v[`bpT V i olcdp3VYT³Z]`Mqg\[adacdpg±V^\6TWV^µ¶obpqMµdkWfgZ]tªcdpT V i fv§VYc`4pT]Z)frTWVD_H\:ol_gad\V^`¯v#`4Z³tro i \
\1a\1Z]\[p3VYT,VYwoV³v#`bp3Volcdp T^SMp3VYobv#V^c¢v³\#Ut i \1TYT cd`bpT1¬£±\¬fT^\¬wg\ i \]VYwg\¬pg`bV^cd`bp `l27<;>2 1  % 7$<9 ';49
! 69:&8 .&49 9     &$ .&>   Ó{VY` i \6TWV i c¢v§V/VYwg\nqU\6TWVYcproV^cd`bpDT VYolV^\u`brVYwg\/kWfgZ]tJo4v[v#` i qgcpgVY`QV^wg\













´ wg\`btH\ i oVY` i
J·K]test ∈ LocVar
] → LocVar]

































´ wgc¢TcdZ]tga\1Z]\[p3VYolV^cd`bpcdT_robT^\1q`bp&T \1b\ i ola@`4tr\ i olV^` i T8
• JeK↑]expr (l
]) ∈ Val]





















4c4\1T olp&ol_T V i obv#V¹obaf\
v]






{j 7→ [−∞, +∞]; i 7→
[100, 100]}
´ wg\Dcdpg\6e4froV^cd`bp¤b\1pg\ i oVY\1q:_MS½VYwg\¬olproladSMT^c¢Tn` i V^wg\DcdpT V i fv§VYc`4p 6
7 6 5+A%    i \[µ
e3fgc i \1T+V^w\Q\[oladfoVYc`4pJ`b










J(binop + (var j) (var i))K↑]expr




11) = [3, 3]
´ wg\u_robv®M+o i q<olpobaSUT^cdT
`brVYwg\uv#`4pqUcV^cd`bp
>
cdTQob_gad\<VY` i \[pg\³V^wg\³ i T V,cdp3V^\ i ola8
J>K↓]comp ([−∞, +∞], [3, 3]) = ([4, +∞], [3, 3])
D´ wg\[p




c«VYw½V^wg\<_obv®M o i qobpoladSUT c¢T`bj\#Ut i \1TYT cd`bpT8
J(binop +
(var j) (var i))K↓]expr ([4, +∞])(l
]
11) = {j 7→ [−96, +∞]; i 7→ [100, 100]}
:´ wg\Jcdp3V^\ i \6TWVY\1q
i \1o4qU\ i T^wg`bfadqv#`4pT fa«V4×{` i Z³` i \QqU\[VYobca¢Tol_H`bfUV VYwgcdTV^\1vwpgcde3fg\4
 pU` i ZDobaadSbÃHV^w\³v[` iYi \6v§V^p\1TYT`ljVYwg\]v#`bprTWV i obcp3Vn4\[pg\ i olV^cd`bp½Z]\1obpTuVYwoV,colp©ob_T V i obv§VTWVoV^\
TYoVYcdT \6TobaarV^wg\,v#`4pT V i olcdp4VTj4\[pg\ i olV^\1q¬_3SDo)t i `4 i olZ V^wg\1pJcVYT v#`4pv i \#VYc 6oVYc`4pDZ)fT V+_H\,olp¬`4\ i µ
obtgt i `¹UcZDoVYc`4p¬`lV^w\T \[V `b i \1o4vwol_a\,TWVoVY\1T1
´ wcdTc¢TT VYoVY\1q` i ZDoladaS¬o4T+`bada`uT8
ÏÙÚÏ+*
      ; !9:&<;89 .& 7<8&<%   &49   &<%   79 ;89
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9   |{
instrAtP(p1, Ipush n, p2) m
]
p1














icmplt p, p2) m
]
p1


















icmplt p, p2) m
]
p1
















cdbf i \ 8 `bpT V i olcdp3Vb\[p\ i oV^cd`bp i fa\6TQ\#gobZ³ta\6TY
¼  ¨  1 / ) &89
P
7.&   ." . 
 
gen   cstr(P )














∈ gen   cstr(P ), Stp w fp(St)
9 +&8 
JP K ⊆ γP (St).
4   # 
 % .
   2" 
 &    &
´ w\Qt i `M`b`b
v[` iYi \6v§V^p\1TYT`bjo]t i `M`bvwg\6v®b\ i `4_UVYobcp\1q i `4Z%oDv[\ i V^c\1q&olproladSMT^c¢T cada!obTYv#\ i Volcdp
VYwoV,VYwg\Dvwg\1v®4\ i cdT,v[obtol_a\³`l+b\ i cS3cdpgV^wolVoJt i `b i obZ obqUwg\ i \6TuVY`½oJ4c4\[p¤T^\1v[f i c«VWS½tH`badcdv[Sb
´ wcdT T^\1v#f i cVWSDtr`4ac¢v#SDcdadarVYwMfT wo¹b\nV^`³_r\,cdp3V^\[ i olV^\6qDc«VYwJVYwg\Qol_T V i obv#Vcdp3V^\ i t i \#VoV^cd`bp!  p`bf i
T^\#V^V^cdpgÃU+\T^tgacV V^wg\ob_T V i obv§VuTYo\[VWS¬t i `btH\ i VWSDcp3V^`¬T^\[4\ i olaHa`Uv1ola@V^\6TWVT`lV^wg\,` i Z





olpq&\1pT^f i \6TVYwoVpg`J\ i^i ` i T VYolV^\)v1olp:_H\
i \1o4vwg\1q¤_MS±o:`bpg\[µ¶T V^\1t¤V i obpT^c«VYc`4p±`4fUV)`b+VYwg\JT VYolV^\JolV<v#`4p4V i `4ajtH`bcdp4V
p
 g` i \#golZ]tgad\bÃcdp¯V^wg\




Ãg\Qvwg\6v®DV^wroVV^w\ol_T V i obv#V+Z]\[Z]` i S
m]
olV VYo4vwg\1qJV^`³VYwgcdTutr`4cp3Vub\ i c\6T
∀ (h, (num i) :: (ref ref ) :: s, l) ∈ γ(m]),
h(ref ) = a ⇒ 0 ≤ i < a.length
´ w\,v[` iYi \6T tH`bprqUcp
checkIaload
fpv§VYc`4p½cdT wg\1pv#\Q`b!VYwg\,` i Z
checkIaload
(
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VY`]\1obvw&v#`4p3V i `ba@tr`4cp3Vu`bo]t i `b i obZw\ i \,obp
Iaload
cdpT V i fv§VYc`4pc¢T `4fgpq'




wgc¢vw i \[V^f i pT1Ã'` i o
4c4\[pt i `4 i olZ&Ã4o³adcdT V `lad`Uv[obarVY\1T VYT1j´ wg\,v#` iYi \1v§VYpg\1TYT`l!VYwgc¢T a`Uv[obaHV^\1T V b\[p\ i oV^cd`bpZ]\1olprTVYwoV
coQv#` i^i \1v#V/obtgt i `¹UcZDoVYc`4p
St








cdTnT^ol\b/´ wgc¢TcdTT VYolV^\6qJ` i ZDobaadSDcpVYwg\,`bada`cdpg³a\1Z]Z]o 8
¼  ¨  1    &8 / ." . 

P
  % 7$9 .;89)<9 9 &
St 1 # ;>$  ;<&<;89->   '+
 9   
JP K   ,!&' JP K ⊆ γ(St)   	 
∀(p, check) ∈ gen   AbSafe(P ), check(St(p)) = true
9 +&8 
JP K ⊆ Safe(P )

    ! "% 
"    
 %& 	% '&	' 
´ w\:poba i \1T^fgaV`lQVYwg\¤obpoladSUT c¢T¬v[\ i V^crv[olV^cd`bp c¢To¦Z³`UqUfa\¤`l)T^c4poVYf i \ 6 76# M 3 %* 6
4c4\[p½cdp/cdbf i \]{U,´ w\)Z]`UqUfgad\<cdpv#adfqU\6T,o¬a¢oV VYcdv[\)Z]`UqUfgad\<`bol_rTWV i o4v§VT VYolV^\1Twgc¢vw©ZDoVvwg\1T
VYwg\`Ue:T^c4poVYf i \]`b+a¢oV^V^c¢v#\1TQqg\#pg\6q±cp¨RM\6v§V^cd`bp r|l´ wg\¬T cdbproV^f i \]ola¢T `½v[`bp3VYobcpTVYwg\]VWSMtr\
`bv[`bpT V i olcdp3VYT 
¤obpq¯VYwg\:v#`4pT V i olcdp4V³b\1pg\ i oVYc`4p¯fgpv#V^cd`bp ?  M  
©V^wolVDcZ]tgad\[Z]\[p3VT]V^wg\
v[`bpT V i olcdp3V+4\[pg\ i olV^cd`bp i fgad\1T i `bZ cdbf i \U6
7  ]c¢To<t i \6qUcdv1oVY\nVY`³\[UtgadobcpwolV Z]\6olpT
` i olp¯ob_TWV i o4v§VT VYoVY\]V^`:4\ i c«S¤o:v#`4pTWV i obcp3V6J´ wg\¬T^cpg4a\Dt i `M`l i \1e3fgc i \6q©_MS¤V^wgc¢TQcdp4VY\ i ²obv[\DcdT
VYwg\nt i `M`l`bto i olZ]\[V^\ i 3 M 3 %* 6  
VYwoVTWVoVY\1TV^wg\bad`b_obarv#` i^i \1v#V^pg\6T^Tj`lVYwg\v[`bpT V i olcdp3V
4\[pg\ i olV^` i ?  M 
DolpqJV^wg\ob_T V i obv§V+V^\6TWVu4\[pg\ i olV^` i ?  M  @ :37 U  pJVYwg\v[o4T \,`b`4f i _3S3VY\1v#`UqU\cdp3V^\ i olaobpoladSUT c¢T1Ã4VYwgc¢Tt i `3`bc¢T `b_UVolcdpg\1q_MSv[`bZ)_cpgcdpgDm\1Z]Z]oDzg ³olprqm!\[Z]ZDo]zg g
 ¼MÁ  ¼  1    &4   ." 

P
 %  '79 ;89 9 9 &
St
  -*+ +/" &4 &4.9 &.% ;.  9 ! 69,  &










∈ gen   cstr(P ), Stp w fp(St)
8zb
  %  
St
/>8&  + + 9 /& '79 ;89 ;/&.;>2*
∀(p, check) ∈ gen   AbSafe(P ), check(St(p)) = true
 4




JP K ⊆ SafeP
 p¤V^w\ i \1T VQ`lV^wg\]tobtr\ i ²olprq©cdp±T^cdbpolV^f i \6 76# M 3 %* 64nV^wg\¬v[`bpqUcV^cd`bp¸NzbcdT, i c«V^V^\1p
Approx(P,St)
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" $#$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 '06,7/6$'#  M 34%*61
 -'%'34 " $#$&%'"43$8 -3/6$21
 '7/6 M 6,/6' M  8 E $'4%
→
43$;1  1
-3'435K'4' 	A' 8 :$$;1-3'435K'4' (43'?4 8 	A'
→
$'4%;1-3'435K'4'  A+ 8 	A'
→





 '7/6 M 6,/6' M -/6,7-4	, H  8	A' I H :A;8 I.8 4+ 8 E43$;1 $#4 H L 3%) H 503A+ :A H  A+  I'I'IH :A H (-3'?4'  I'I 1
-3'435K'4' ?4 M 4	, 8>+-/$?435
→
%6A 	A'21
 '7/6 M 6,/6' M $++/- H  8
+-/$?435 I H :A;8KI 8 E
∀
 D  M  H ?4 M 4,  I → -'/6$7-4,4 G:A 1
-3'435K'4' ?4 M   @ :'3'7- 8+/-$?43A5
→
%6A H $'4% H 43$;1  → @ ''%I'I 1
 '7/6 M 6,/6' M :'-A-4 H  8
+-/$?435 I H :A;8KI 8 E
∀
+C	-4BD
 M H +;D	/- I H ?4 M   @ :'374F I →	0- H :A + IREG',-N1










K ⊆ H :$3$7)JIK1
L$M #F4'/6,706$'#  M 3-%* 46B1
c4f i \{ 8G´ wg\)`UeJT^cdbpolV^f i \`b
v[\ i V^c\1qT VYoVYcdv,obpoladSUT c¢T
ÚÚÖ:;<$=><'?
b   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
   	%$ 
´ w\vwg\6v®b\ i v#`4Z³tH`bp\[p3V`bgV^wg\ h  o i vwgcV^\6v§VYf i \cdTV^w\+v i cV^c¢v[oba4to i V!V^wolVwo4TVY`_H\_H`lVYw<T^`bfgprq
obpq \¬v[c\1p4V<cp¦T^to4v#\¬olprq¯T tH\[\6q' u\1pv#\4Ã
v[\ i V^crv[olV^\6TT w`bfga¢q _r\T ZDobaaV^`:\1pT f i \DVYwoV)V^wg\1c i
vw\1v®Mcpc¢T
²obT V1  p³V^wg\ `4aad`cdpgÃl+\uqU\6T^v i cd_r\ wg`¦V^`Q4\[pg\ i olV^\+t i `M`bHvwg\6v®b\ i T
olpq]v[\ i V^crv[olV^\1T
VYwoV/fa«agV^wg\6T \ i \1e3fgc i \1Z]\[p3VYT1´ wg\uv[\ i V^crv[olV^\6T
\ b\1pg\ i oVY\oV Vobvw]otgc\6v#\`bHcdpU` i ZDoVYc`4p)VY`,o
T^fg_T^\#V`l@V^wg\t i `b i olZtr`4cp3VYT+olprq]\1obvwDT^fvwDtgcd\1v[\n`l'cdpU` i ZDoVYc`4p¬v[olpD_H\nvwg\6v®b\6q<cdp¬c¢T `4adolV^cd`bp
n\[pv[\bÃv[\ i V^crv[olV^\,T c[\obpqv#\ i V^crv1oV^\Qvwg\6v®Mcpg]o i \,acdpg\6o i cdpVYwg\T^c 1\`b!VYwg\Qt i `b i olZ&
´ wg\Z]\#V^w`Mq³` i v[`bpT V i fv§VYcp %4+=;t i `M`b@vwg\6v®b\ i T/c¢Tj4\[pg\ i c¢volprqDoltgtgadcd\1T/VY`)olpMS³v#\ i V^c\6q
obpoladSUT c¢T1  Vuc¢T\#Ut i \1TYT^\1qJo4To<fgpv§VY` i
" $#$&%')'*,+-  $,	0-/' H 4'/6,706$'#  M 34%'*46	 I 8 ,	/-A/'
wcdvw VYol®4\1TobT&o i bfgZ]\1p4Vo 6
76#  M 3 %*
6 ; $7cdbf i \ {bJobpq i \#VYf i prTo  	¦V^wg\
cdp3V^\ i ²o4v#\,`lwgcdvw& obT qU\[pg\1qcdp cdbf i \M
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checker(P, cert) = true,
9 +&8 9 +&8& &' 9,2 7$9 ';49 9: 9:&





 9 &$29 /&  "
 8& 
3  /9  ;   Approx(P, S#    %
•
&$/&<;49-9 /&8&<;9 !9  /*+  ;8   Secure(P, S#) 
+S·v#`4Z)_gcdpgcdpg¸m\[Z]ZDo gd|¤cV^w V^wg\ t i `btH\ i VWS 3 M 3 %* 6 
 
ª_H\[ad`bpbcdpg¦VY`¦VYwg\¯T cdlµ
proV^f i \ 6
76# M 3 %* 6gÃncV&cdT&T V i olcdbw3V ` i  o i qGV^`¦t i `4\:V^wroV½T fv1v#\6T^TJ`lVYwg\¤4\ i c«Hv[oVYc`4p

checker(P, cert) = true
\1p4VolcdadT+t i `b i obZTYo\[VWS: ,!&rVYwg\B	  <VYwg\[` i \1Z`lV^wg\ 
	
cdp3V^\ i ²o4v#\6#
   	%&'$  	4  
´ w\)v#\ i VYc«rv1oVY\Qb\[p\ i oV^\6q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 i \[V^f i pT9¬VYwg\[p
VYwg\v[\ i V^crv[olV^\
S#
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obpq¯VYwg`4T^\JcdZ]tr`3T \6q¨_MS V^w\&T^\1v[f i c«VWS tH`badcdv[SU#  p¨VY\ i Z]T³`bv#`4Z³ta\[McVWSbÃjV^wgc¢T³polcdb\oladb` i cV^wgZ
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V i obpT \ i fpv§VYc`4pGolprq¦olp¦` i qU\ i cp½V^\6TWV
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´ w\,qoVYolVWSMtr\6T+` i T V i oV^\1bS¬v[`bZ]ZDolpqgTobpqVYobbb\6q¬Z]\[Z]` i cd\1To i \,T fZ³ZDo i c¢T \6qJcdp c4f i \&U
 M #$&,06   (-3'? " 5 8 :$$ 8 E
 M #4'7
 6 M  H 5=8 " 5 # I
 ,	0-/'# H 528 " 5 # I 1
 M #$&,06  '55&3 M # 8 :$$ 8 E
  	6,? M H  8$'4%JI H 5N8 " 5 # I
 L 3% H  8$'4% I 1
 '7/6 M 6$/6' M :$-3'4'?* 8 EF%6A '545&3 M #N1
c4f i \& 8j´ob4T olpqv#`4Z]Z]obpqgT
ÚÚÖ:;<$=><'?
4   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
´ol3Tno i \QfT^\1q&VY`¬®b\1\[t&V i o4v®`bVYwg\ i \1v[`bpT V i fv#V^cd`bp½TWVoVYfTu`bo¬v#`4p4V i `4atH`bcdp4V6n´ wg\1S&v1o iYi S
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P
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strat
  
reconstruct(P, strat) = Some S#
9 +&8 
S#
 )to i VYcdobaadSJv[` iYi \6v§V
´ w\<t i `M`ljc¢T_3S&cdpqUfv#V^cd`bp¤`b\ i V^wg\]ad\[pgbV^w©V^wg\]TWV i olV^\1bSb4.pg\³t i `b\1TuV^wolV\6obvw©v[`bZ]ZDolpq:cdT
ftHqgolV^cdpg]V^w\Vol4b\1qol_rTWV i o4v§VTWVoV^\T^fvwV^wolVV^wg\QcdpMo i cdobp4V c¢Tt i \1T^\ i b\1q
m!\[Z]ZDo g ¯qU`M\1T]pg`bVJ\[pT^f i \V^wolV¬V^wg\ i \1v[`bpT V i fv#V^cd`bpªcdT¬v[`bZ]tgad\#VY\b  prqU\[\6q'Ã+V^wg\&VY`lVYobaadS
fpqU\#rpg\1qGol_T V i obv#V³T VYoVY\c¢T³to i V^c¢oladadS¨v#` iYi \1v§V6¯m\[Z]ZDo  ±\[prT f i \1T)V^wroV1Ã+oV³V^wg\\[prq¨`lV^wg\
i \1v[`bpT V i fv#V^cd`bpÃUoladav#`4p3V i `ba@tr`4cp3VTwo¹b\V^w\

<VolDoV^VYobvw\1qJV^`³V^wg\1Z&
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P
  % <9  9:&:"
strat
 	 
reconstruct(P, strat) = Some S#
9 +&8 
∀(cp ∈ P ), ∃mem#, S#(cp) = Checked(mem#)
´ w\ i \Q\#UcdT VYTnoDT cdZ]tga\oba4` i c«VYwgZ¥VYwoVb\ i c\1Tm!\[Z]ZDo g g (+VnV^wg\Q\1pq&`l
V^w\ i \6v#`bprTWV i fv#V^cd`bpÃ
cV&c«VY\ i oV^\6TJ`4\ i VYwg\±t i `4 i olZ tr`4cp3VT¬VY`ªvwg\6v®Gw\#V^w\ i oladanVYwg\±t i `4 i olZ tr`4cp3VTJwo¹4\©_H\[\1p
obtgt i `bt i c¢oV^\1aS¬VYol4b\6q'u´!`o¹b`bc¢qV^wgc¢TV i o¹4\ i T^obaNÃgV^wg\
reconstruct
oba4` i c«VYwgZ ®4\[\[trTV i obv®`l/VYwg\
pMfgZ<_r\ i `lv[`bp3V i `batr`4cp3VTV^wolVwo¹4\)pg`bVQ_r\1\[p¤VYol4b\6q½c«VYw©VYwg\³VYobT
	 #g (TQo i \1T^fgaV1Ã@V^`
t i `4\nm\1Z³ZDo g )+\T^cZ]tgadSDT wg`x²_MSDcpqgfv§VYc`4p¬`b\ i V^w\ad\[pgbV^w`l!T V i oV^\1bSg
VYwoV oV+V^wg\\[prq
`b!VYwg\ i \6v#`4pTWV i frv§V^cd`bpJV^wgc¢TpMfgZ<_r\ i cdT\6e3fola@VY` 1\ i `
    % #"% !      .
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VYwg\)olproladSMT^c¢T[ u`+\[4\ i ÃUcp½` i qU\ i ` i oDv#`UqU\QVY`¬_r\<obv[v[\[tUVY\1q½o4TuT \6v#f i \QcVT f Dv[\1T
` i V^wg\¬vw\1v®b\ i V^`½\[prT f i \³V^wg\J\#UcdT V^\1pv#\]`b T^fvw o&c«VYpg\1TYTã}¸V^w\ i \³c¢TQpg`&pg\1\1q¤V^` i \1v[`bpT V i fv#V
cV1 ´ wgcdT`b_rT \ i oVYc`4p¸a\6obqgT¬V^`¦obp `btUVYcZ]c¢T \6q i \6v#`4pTWV i frv§V^cd`bp oba4` i c«VYwgZwgc¢vw·\[Mta`4c«VTDV^wcdT
+\1ob®b\ iui \6e3fgc i \[Z]\1p4VV^` %> `4p:VYwg\rS&ob_T V i obv§VZ]\[Z]` i c\6TuVYwoV,o i \)pg`bVp\[\1qg\1q:obp3SMZ]` i \_MS
VYwg\,b\ i crv[olV^cd`bp¬t i `Uv#\6T^T1
´ wgcdT i \1qgfv#\6TVYwg\,Z]\[Z]` i SDfTYolb\`lV^wg\ i \1v#`4pT V i fv§VYc`4pJoladb` i cV^wgZ _MS
®4\[\1tgcp<VYwg\QT c[\Q`b!VYwg\,VYobbb\6qob_T V i obv§VT VYoVY\QobTT^Z]obaaobT+tr`3T^T^cd_ga\4
ÚÚÖ:;<$=><'?
l   <%8 ; &$>4  	 +
3* &4 4&8  *= %  ;/%  &
´`)oladad`¦VYwgcdT_r\1wo¹Mc`4f i ÃbTWV i olV^\1bS<v[`bZ]ZDolpqTjo i \\[p i c¢vwg\1q³cV^w¬o   + ++qUc i \6v§V^cdb\4
RUS3Z³µ
Z]\[V i cdv1oladaS4Ã4Vol3T+o i \\[p i c¢vwg\1qJc«VYwo   M )oladfg\b  VcdT i \[ad\[obp4V+V^`  +Do)t i `4 i olZ tr`4cp3Vwg\1p
cV¬wo4T<_H\[\1p vwg\1v®4\1q ,!& c«VT³VYob±c¢T
	 # 5,5G]olpq¦V^w\:v#`bZ]tgfgV^\1qGoladfg\&cdT¬pg`lVDpg\1\1qU\6q
obpMS3Z]` i \ VY`<\1¹obafroV^\`lVYwg\ i v#`bprTWV i obcp3VYT1  p¬V^wcdT+v[o4T \4ÃbVYwg\\ H\6v§V `l'VYwg\   + ++)c¢TV^`]T \[V+o   M 
Volr(Tuo]T c¢qU\[µ8\ H\6v§V1ÃMVYwg\ol_rTWV i o4v§VZ]\[Z]` i S 5,5DZDo¹S¬_H\Q4o i _obb\#µãv#`4aad\1v#V^\6q'
 p¨\6T^T^\[prv#\bÃ
+\¬cdaa+pg`lV³t i `b\]V^wroV)VYwg\oba4` i c«VYwgZ v[`bZ]tgfUVY\1T³olp¨ob_TWV i o4v§V<T VYolV^\¬_fUV<VYwoV
cV)v#`4fga¢q©wo¹4\ i \[V^f i pg\1q¤`bp\ ½` i wgcdvw +\]wo¹b\]olp oladb` i cV^wgZ&Dm\1Z]Z]o  zJ` i ZDoladcdT^\1q©V^wcdT
cdp3V^fgcV^cd`bp!  VTYo¹SUT³V^wolV¬c«o¯T V i oVY\[bSGc«VYw   +¦v#`4Z³ZDobpqgT¬T^fv[v[\[\6qgT]V^w\[p·o¯T V i oV^\1bS¯VYwoV
i \[tado4v#\   +D_3So<p`bt&`4fga¢qJwo¹4\T^fv1v#\[\6qU\1q
¼  ¨ 1     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-*+ + 9 9 &:" 
strat
   9 /& &<;< 9 /;49   !/; 
;<&<&<%   .&.;<  9 /;89    ! " 9 /&8
3&49  9:&:" 1 !9 /* 9	*+ 4/;<;.&<&<%9
´ wg\nt i `M`b i \[adcd\1T/`4p]V^wg\n²obv§VV^wolV   M VYob4Tv[olp]`4pgaS³_H\[\[pJ`b_UVolcdpg\1q³ i `bZ  	#,Vol3T[(nT
o i \1T^fga«V6ÃUc«V^w\cdZ]tgadcdv[c«V i \1v[`bpT V i fv§VYc`4pq i `btrT+o³v#`4p3V i `ba@tr`4cp3V6ÃMV^wg\ i \,\#Uc¢TWVTo  	#)VYob<VYwoV
+`bfadq±_H\Jv#`4Z³tfUV^\6q _3S±o½TWV i olV^\1bS:VYwoV i \1tgado4v#\6TQo   +:_MS¤o&pg`4t! i `4Z VYwgcdT)cp3VY\ i Z³\6qUc¢oV^\
i \1T^fgaV)olpq±_MS¤v[` iYi \6v§VYpg\1TYT,`l+V^wg\J\#Utgadcdv[c«V i \1v[`bpT V i fv#V^cd`bp oladb` i cV^wgZ&ÃcV)c¢T)T V i olcdbw3V ` i  o i q&V^`
t i `4\nVYwg\,`bada`cdpg³cprTWVolp3V^c¢oVYc`4p`b
m!\[Z]ZDo |` i V^wg\Q3o i _ol4\v#`4aad\1v#V^cdpg]t i `3`bvwg\6v®b\ i 
 ¼MÁ  ¼   1     ¼ 
 ¼   ) &89
checker(P, strat)
7.&%'&,  &<% 78
reconstruct(P, strat) 6= None)

   + +  ." 
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P
 %9 .9 & " &$
strat
  
checker(P, strat) = true
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hi `4 i olZ  k o¹o³T^c[\  v#a¢obTYTT c[\ v#\ i V^crv1oV^\QT^c 1\ vwg\6v®b\ i v[`bZ]tgfUVoV^cd`bpV^cdZ]\
+fg__ga\¹RM` i V 44 zb & 3  |6z
n\1obtrRM` i V |1bb &4z & 4  3zl
fcdv®gRM` i V |1M{*&  3z |¹   b
`4pMb`badfUVYc`4p hji `Mqgfv§V M{*& zM z4  |1
ad`SUqU£ wo i T^wolada r|¹{ z   |6l  3l
h `4aSMpg`4Z hi `UqUfv#V zb   bb &M{  |1
cdbf i \   8 	jMtH\ i cdZ³\1p3VYT `bp&o i cd`bfT oladb` i cV^wZ]T1ÃUT c[\ad\Qcdp_MS3V^\6T[ÃMVYcZ]\Qcdp½T \6v[T
´ wg\b\1pg\ i oVYc`4p¯`lnT V i oV^\1bcd\1T¬No©v[`Mqg\Jt i `UqUfv#\ i VobT^®UcdT<pg`bV³TYo\#VWS3µãv i c«VYcdv1ola` i VYwg\ h 
cdpU i obT V i fv§VYf i \b-n`\1b\ i Ã6` i `bf ih ¨T^vwg\1Z]\jV^`_H\\6obT^c_gad\bÃ\ ¬v#cd\[p3V
T V i oVY\[4c\6To i \pg\1v[\1TYT^o i S4
 p<V^wcdT/T^\1v#V^cd`bp)+\ i T VjT w`¯V^wolVjoT V i oVY\[bSv1olp³olad+o¹SUT_r\ b\1pg\ i oVY\1q,` i olpMSQbcdb\1p<v[\ i V^crv[olV^\b
´ w\[p NRM\6v§V^cd`bp©{U l++\QT w` wg\1pVYwg\1T^\Qv[obp_H\Q`btgV^cdZ³c¢T^\1q'
ÏÙÚÏ+*
      ; !9:&<;89 .& 7<8&<%   &49   &<%   79 ;89
	4 /9 &4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£±\ cp3V i `UqUfv[\VYwg\ pg`lVYc`4p<`b 1 ! / 6! "<TWV i olV^\1bcd\1Twgcdvw³o i \VYwg\TWV i olV^\1bcd\1T!` i wgc¢vw)VYwg\vwg\1v®4\ i T
T^fv1v#\[\6q½t i `M`l'`bZ]cV VY\1q#j´ wg\uZ]`4T VcdZ]tr` i Volp3Vv#`4pqUcV^cd`bpDcdZ]tr`3T \6qD`bp]VYwg\[Z c¢TjVYwoV qU\[tH\[pqg\[pUµ
v[c\6T _r\[VW\1\[p&v#`4p4V i `4a'tr`4cp3VTQ ! \#pgcV^cd`bp¤{U|6 o i \nVol®b\1pcdp3V^`Dobv1v#`4fgp3V1
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¼'*,+,-  -²Á.+2143 ) &49
P
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p
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∃c ∈ gen   cstr(P ),
Target(c) = p ∧ p′ ∈ Dep(c)
}
£±\v[obpJVYwg\[p&t i \1v[cdT^\[adSD` i ZDoladc¢T \V^wg\Qp`lV^cd`bp`l
cdpgpgcdpgDTWV i olV^\[4Sb
)¼'*,+,-  -²Á.+215/ ) &49
P
7<&   ." . 
  %
S#
7.& 7$9 ';49 9: 9:&/; 9 + 9
Secure(P, S#)  %
Approx(P, S#)
   cdpgpgcdpg 9 .9 & "  )/;9 + 9 4  &<;>;<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cp
 29 /&4.& & ' <92 &  %  +    &
Eval(cp)







*+ 1   =;.;9 >27.& 4.&   Eval(cp) 




  4  + +
cp′ ∈ Depends(cp)
 1 & /*& 9 + 9
    Eval(cp) =;<;$ > <9:&8 Eval(cp′)   Assign(cp′, S#(cp′)) 
  7  Drop(cp′)  &$&4 =;<;$ >27<& 4 & Eval(cp′) 
  ;  Drop(cp′)  &$&4 =;<;$ >27<& 4 & Eval(cp) 
´ wg\Q\6T^T^\[p3VYcdoba't i `4tr\ i VWSD`b 1 ! 6 /! "T V i oVY\[bcd\1T+c¢T+V^wg\1c i \#UcdT V^\1pv#\ 8
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P
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S#
/; 9 + 9
Secure(P, S#)  %
Approx(P, S#)
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#(p1)); . . . ; Assign(pn, S
#(pn));
Eval(p1); . . . ; Eval(pn)
`4pqUcV^cd`bpT|bÃÓUÃ :obpq¦zlo:`l ! \#pc«VYc`4p¸{MÓ½o i \JV i cMc¢oladaS¤fgaaad\1q¦_r\6v[obfT \JV^wg\&v#`4p3V i `batH`bcdp3VYT
o i \Do4T^T^c4pg\1q obpq±\[oladfoVY\1q±`bprv#\'/obaa/VYwg\Jo4T^T^c4pgZ]\[p3VYTQo i \DZDo4qU\D_r\[` i \]V^wg\J\[oladfoVYc`4pTQ_H\#µ
4cp! cdpoladaS4Ã'v#`bprqUc«VYc`4pTÃz_©obpq¤zbv)o i \o4v#fg`4fT adSV i fg\<_H\1v1olfT^\VYwg\ i \<o i \³T cdZ]tgadSp`
Dropv[`bZ]ZDolpqT[
´ wgc¢T<polcdb\¬T V i oVY\[bS¤bcdb\6T i cdT^\]V^`©V^wg\polcdb\¬vwg\6v®b\ i `lnRM\6v§V^cd`bp gd|l  V i \1e3fgc i \6To½wg`4a\
S#
obpq \[obafolV^\6TJoladauVYwg\¤v[`bp3V i `bantr`4cp3VYT1 (TJT^fvwÃucVc¢Tpg`lVo¦b\ i SGcp3V^\ i \6TWVYcp¦TWV i olV^\1bSb
~n`bpg\[V^wg\1a\6T^T1ÃlcVYT/\[UcdT V^\1pv#\uobaad`uT
fT
VY`TWVoV^\+VYwg\ i \[a¢oV^cdb\-;< 
  +)&89 &4 &>u`l@`bf i %)+=;uvwg\6v®b\ i T1
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cert 1   ; 8;<&89: !  Safe(P ) 
   ´ob®b\no4Tv#\ i VYc«Hv[oVY\no 1 ! 6 /! #"]TWV i olV^\[4Sb
+S]m!\[Z]ZDo<{M UÃMcV+olad o¹SMTj\#UcdT VYT1: ½` i \[`4\ i Ã
4c4\[p&o 1 ! / /! #"JT V i oVY\[4SbÃMV^w\vwg\1v®4\ i T frv[v#\1\1qgT1/+Sv#` i^i \1v#V^pg\6T^T`lV^w\vwg\1v®4\ i ÃM´ w\[` i \[Z­{M 
w`ba¢qgT[
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